Abstract. Let r be a type of algebras. An identity s m t of type r is said to be externally compatible, or simply external, if the terms s and t are either the same variable or both start with the same operation symbol fj of the type. A variety is called external if all of its identities are external. For any variety V, there is a least external variety E(V) containing V, the variety determined by the set of all external identities of V. External identities and varieties have been studied by [4] , [5] and [2] , and a general characterization of the algebras in E(V) has been given in [3] . In this paper we study the algebras of the variety E(V) where V is the type (2,2) variety L of lattices. Algebras in L may also be described as ordered sets, and we give an ordered set description of the algebras in E(L). We show that on any algebra in E(L) there is a natural quasiorder having an additional property called externality, and that any set with such a quasiorder can be given the structure of an algebra in E(L). We also characterize algebras in E(L) by an inflation construction.
Introduction
Let r = (rii)i<z] be any type of algebras, with an operation symbol fi of arity rii for each i € I. An identity s « t of type r is said to be externally compatible, or simply external, if either s and t are the same variable, or s = fj(si,...,s nj ) and t = fj(t i,.. -, tnj) f°r some terms si,..., s Uj , t\,..., t U] and some index j 6 I. External identities were defined by Plonka in [4] and studied by Plonka ([5] ) and Chromik ([2] ).
We will use the well-known Galois connection Id -Mod between classes of algebras and sets of identities. For any class K of algebras of type r and any set £ of identities of type r, we have
ModT, = {algebras A of type r | A satisfies all identities in £}, IdK = {identities s « t of type r | all algebras in K satisfy s « t}.
We denote by E(T) the set of all external identities of type r. External compatibility is a hereditary property of identities, in the sense that the set E(T) is is closed under the usual five rules of derivation of identities; equivalently, this means that E{T) is an equational theory. Now let V be any variety of type r. Since IdV is an equational theory, so is Id E V = E(T) H Id V, the set of all external identities satisfied by V. The variety defined by this set, E(V) = ModId E V, is called the externalization of V. In the special case that E(V) = V, we say that V is an external variety, this occurs when all the identities of V are external identities. Otherwise, V is a proper subvariety of E(V), and E(V) is the least external variety to contain V.
The algebras in a variety E(V) have been described from a universal algebra point of view in [5] , [2] and [3] . Our goal in this paper is to give an alternate order-theoretic description for the variety E(V) in one special case, when V is the type (2,2) variety L of lattices. It is well-known that lattices are two-sided objects: as well as being algebras of type (2,2), they are sets with a partial order relation < in which any two elements have a least upper bound and a greatest lower bound. We shall refer to any algebra in E(L) as an externalization of a lattice. Such algebras are not lattices, but we shall show that they are also ordered structures of a particular kind. In Section 2 we define an order relation Q on any externalization of a lattice, and prove that this induced order is a quasiorder (a reflexive and transitive order), with an additional property called externality. Then in Section 3 we show that any externally-quasiordered set is an externalization of a lattice. Finally in Section 4 we give another description of externalizations of lattices, using the concept of inflation.
From externalizations of lattices to quasiorders
Let L be the type (2,2) variety of lattices, with E(L) its externalization. As usual we shall denote the two binary operations of varieties L and E(L) by V and A. It is known, and easy to show, that the following set ^E(L) °f identities is an equational basis for the variety E(L):
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Let A -(A; V, A) be any algebra in E(L). We define a relation Q on A by the rule that Proof, (i) Suppose that (x, y) E Q, so xMy = y\Jy. Using weak idempotency, the assumption, and weak absorption, we have
The converse is proved similarly.
(ii) Reflexivity of relation Q is immediate. M(a, b) . In particular, this shows that the sets M(a, b) and J(a, b) are non-empty, so that (A; Q) is externally-quasiordered.
•
From quasiorders to externalizations
We have seen that any algebra in E(L) can be regarded as an externallyquasiordered set. In this section we show the converse, that any externallyquasiordered set can be made into an algebra in E(L). We start with a quasiorder 
= /x(M(a, b)). Then the algebra (A; V, A) is in E(L).
Proof. We will show that the algebra (A; V, A) defined here satisfies all the identities of the basis ^e(L) f°r E(L) given in Section 2. J(a,b) ),c),
and dually for A. An easy observation shows that J(a (J(a,b) ),b)
proving that weak idempotency holds in our algebra. Finally, since (/x (M(a,b) ),a) 6 Q, we obtain a (J(a, fi(M(a,b) a,a) ), and dually since (a, a(J(a, b) )) G Q we obtain a (M(a, a(J(a, b) 
proving weak absorption.
• Let (A; Q) be a quasiordered set. A relation <q can be defined on the set A/Eq of equivalence classes by the rule that
It is well-known that this relation <q is a partial order (reflexive, antisymmetric and transitive) on A/Eq. We show next that if (A;Q) is externallyquasiordered, then this order <q makes (A/Eq; <q) into a lattice. 
The (p, ¡^-inflation construction

Corollary 3.3 gives a method to produce a lattice from any algebra in E(L).
In this section we show that a reverse construction is also possible. This construction is similar to the construction of an inflation of an algebra, which is used to characterize normalizations of varieties; see [1] .
Let C = (L; V, A) be a lattice. For each a G L let Ca be a non-empty set containing a, such that for a b G L the sets Ca and C\ are disjoint. Let C be the family {Ca \ a G L}, and let Ic{L) 
The algebra lc{L) = (Ic(L)\ V, A) will be called a (p, v)-inflation of C.
Note that the two ¿-functions p and v can select any member of the class Ca for each a G L. In the usual inflation of an algebra, the choice functions select the original element a from Ca- 
